Robust autopilot design for bank-to-turn (BTT) missiles under disturbances and uncertainties is investigated in this article using the disturbance observer concept. It is well known that the BTT missile dynamics undergo substantial change during its flight. In this disturbance observer-based control (DOBC) setting, the influences caused by parameter variations are merged into disturbance terms and regarded as parts of the lumped disturbances. Disturbance observers are employed to estimate the lumped disturbances, and then a disturbance observer-based robust control (DOBRC) method is proposed in this article to compensate the influences of parameter variations and the disturbances from the output channels. Similar to the baseline linear quadratic regulator design, the DOBRC is analysed and designed using linear techniques. Very promising performance has been achieved for the BTT missile as shown in simulation. It is demonstrated that DOBC approach provides a simple, intuitive, and practical solution for many challenging control problems where systems are subject to significant external disturbances, and uncertainties such as BTT missiles.
INTRODUCTION
Due to the growing interest in missiles with long range, high maneuverability and precision, the bank-to-turn (BTT) steering technique has become more and more popular as compared with the traditional skid-to-turn (STT) method [1, 2] . By orienting the maximum aerodynamic normal force to the desired direction rapidly with a substantially large roll rate, the BTT missile exhibits many advantages over the STT missile, including high-lift, low-drag, air-intake, internal carriage, and increased range [1, [3] [4] [5] . However, the structure configuration of the BTT missile has undergone significant changes to take its advantages. These changes bring many challenges to autopilot designers, e.g. (1) the effects caused by time-varying parameters are more severe as compared with the STT style, (2) the high roll rate and the asymmetric structure will inevitably induce heavy non-linear crossing couplings between different channels, and (3) the input/output dynamic characteristics for certain channels are non-minimum phase [1, 6] .
To this end, autopilot design for BTT missiles has attracted extensive attentions, and various strategies have been proposed. Based on the models obtained by approximate linearization in given flight conditions or input/output feedback linearization technique, a few elegant control methods including robust control [3] , gain-scheduling control [7, 8] , non-linear control [1] , model predictive control [9] , and switching control [10] have been employed for advanced autopilot designs. Performance, stability, and robustness of modern missiles have been significantly improved with these advanced control techniques. Further development is still required to meet even increasing performance requirements for advanced missiles. Feedforward control is known as an active approach in rejecting disturbances if the disturbance is measurable [11] . However, the uncertainties and disturbances in the missile systems are generally complicated and unmeasurable; thus, an effective solution is to develop disturbance estimation techniques. This article investigates a disturbance observer-based control (DOBC) approach to improve the disturbance rejection ability of the BTT missiles.
By estimating and compensating the effects caused by disturbances/uncertainties, DOBC provides an active approach to handle system disturbances and improve robustness [12] [13] [14] [15] in the presence of unmeasurable uncertainties. In the past few decades, DOBC approaches have been successfully researched and applied in various engineering fields including robotic systems [15, 16] , position systems [17, 18] , grinding systems [11, 19] , and flight control systems [13, 14, 20, 21] . Compared with other robust control schemes, DOBC approach has two distinct features. One feature is that disturbance observer-based compensation can be considered as a 'patch' for existing controllers which may have unsatisfactory disturbance attenuation and robustness against uncertainties. The benefits of this method are that there is no change to a baseline controller which may have been widely used and developed for many years. The second feature is that DOBC is not a worst-case based design. Most of the existing robust control methods are worst-case based design, and have been criticized as being 'over conservative'. In DOBC approach, the nominal performance of the baseline controller is recovered in the absence of disturbances or uncertainties.
In this article, a disturbance observer-based robust control (DOBRC) method is proposed to solve the disturbance attenuation problem of the BTT missile system. In the BTT missiles, the lumped disturbance torques caused by unmodelled dynamics, external winds, and parameter variations may affect the states directly rather than through the input channels, therefore do not satisfy 'matching' conditions [22] . Using the DOBRC method, autopilot design of the BTT missile is carried out in this article. The missile system under consideration is subject to 'mismatched' disturbances including not only external disturbances, but also model uncertainties. The rest of the article is organized as follows. The dynamic models of pitch/yaw channels of BTT missile are described in section 2. In section 3, disturbance observer design for BTT missile is investigated. The DOBRC method is presented for the autopilot design in section 4. Using the proposed method, simulation studies of the missile system are carried out in section 5. Finally, the conclusions are given in section 6.
PITCH/YAW DYNAMIC MODELS OF BTT MISSILES
Since the roll rate in the BTT missile is much larger than the pitch and yaw rates, the pitch and yaw dynamics are severely interrupted by the roll dynamic. While the pitch and yaw dynamics have relatively smaller effects on the roll channel. To this end, a widely used method in the BTT missile is to design an autopilot for the pitch and yaw channels together, and design an autopilot for the roll channel separately [10, 23] . In this article, only autopilot design for pitch/ yaw channels are considered as the roll channel design is relatively easy. The pitch/yaw dynamic models of the BTT missile are taken from references [10] and [23] , depicted by 
where ! x , ! y , and ! z are roll, yaw, and pitch rates, respectively. Variables and represent the angleof-attack and the sideslip angle, while y and z the yaw and pitch control deflection angles, respectively. n z and n y denote the overloads on the normal and side direction. d ! z , d , d ! y , d , d n z , and d n y denote external disturbances on each equation. Parameters J x , J y , and J z denote roll, yaw, and pitch moments of inertia, respectively. v t and g are the instantaneous speed and the gravity acceleration, respectively. Coefficients a i , b i (i ¼ 1, 2, . . . , 5), e 1 , and e 2 are aerodynamic parameters of the missile systems.
During the flight process of the missile, the aerodynamic parameters vary with the change of the missile height and velocity. In addition, the parameter perturbations are very complex, almost impossible to obtain their analytic forms. The aerodynamic parameters for different operating points are taken from reference [10] and listed in Table 1 .
Since the roll rate is much larger than the pitch and yaw rates, it is reasonable to take ! x as a parameter of the pitch/yaw models [23] , and the following linear model is obtained by reformulating equation (1) as
with matrices ð3Þ
Àb 
The autopilot design objective is to achieve a good overload tracking performance according to the guidance commands as well as robustness against external disturbances and model uncertainties caused by parameter variations. In addition, from the viewpoint of engineering practice, the sideslip angle should be restricted as W W < 5 and the actuator deflection angles should be limited within a region W max W 21 [24] .
DISTURBANCE OBSERVERS
In the framework of the disturbance observer technique, not only external disturbances but also the influence caused by model uncertainties can be estimated and attenuated. To facilitate this, the model (2) is rewritten as
where A n , B n , C n , and D n are system matrices in the nominal case, d lx and d ly the lumped disturbances on states and outputs. Letting B ld ¼ I 4Â4 and D ld ¼ I 2Â2 and comparing (2) with (7) yields
The lumped disturbances consist of external disturbances and internal disturbances caused by model uncertainties. Disturbance observers are now designed to estimate the disturbances d lx and d ly using the input, output and state information. The estimate of d ly can be obtained from the second equation in (7), described bŷ
Combining (7) with (10), the estimation error e d ly can be obtained as
Assumption 1
Suppose that the lumped disturbances d lx varies slowly relative to the observer dynamics and has constant steady-state values lim
Remark 1
The results in this article are based on Assumption 1. However, it is shown that the method is also feasible for fast time-varying disturbances [15] . 
Remark 2
In the presence of uncertainties, the lumped disturbances would be a function of the states, which can be reasonably estimated if the disturbance observer dynamics are faster than that of the closed-loop system. The same argument for the state observerbased control methods is valid.
For system (7) , the following observer is designed to estimate the disturbances d lx
whered lx is the estimate of the lumped disturbance on the states d lx , z an auxiliary vector and L the observer gain matrix to be designed.
Lemma 1
Consider system (7) under the lumped disturbances which satisfy Assumption 1. The estimates of the disturbance observer (12) asymptotically track the lumped disturbances if the observer gain matrix L is chosen such that ÀL is a Hurwitz matrix [25] .
Proof
The disturbance estimation error of the DOB (12) is defined as
Combining (7), (12) with (13) gives
Since all eigenvalues of matrix ÀL are in the left hand side of the complex plane, equation (14) is asymptotically stable. This implies that the estimate of DOB can track the disturbances asymptotically under the condition that lim
Since B n 6 ¼ I 4Â4 , D n 6 ¼ I 2Â2 , it can be found from equation (7) that the disturbances and uncertainties are 'mismatched' ones. The existing DOBC methods are not applicable in such a case.
It should be pointed out that the 'mismatched' disturbances cannot be attenuated from the state equations generally. In this article, based on the disturbance estimate of DOB, the composite control law like u ¼ K x x þ K dd is designed and we attempt to find an appropriate K d to assure that the disturbances can be removed from the output channel in steady state.
DISTURBANCE OBSERVER-BASED
ROBUST CONTROL
Feedback control design
In the proposed composite DOBRC method, any feedback controller which can stabilize system (7) and provide adequate overload tracking performance in the absence of disturbances and uncertainties can be adopted. The classical linear quadratic regulator (LQR) is considered as the baseline autopilot design for the BTT missiles. The penalty matrix Q and R in the cost function of LQR are selected as ,
The corresponding LQR feedback gain is obtained as As shown in Figs 2 to 4, a satisfactory step response is obtained (at the beginning of the responses).
Stability analysis of the closed-loop system
Different from all previous DOBC methods, our new DOBRC law for system (7) is designed as
where
Assumption 2
The lumped disturbances satisfy that d lx , d ly , and _ d lx are bounded.
Lemma 2
Suppose that Assumption 2 is satisfied. The closedloop system consisting of the plant (7), the DOB (12) and the composite control law (17) is boundedinput-bounded-output stable if the feedback control gain K x and the observer gain matrix L are selected such that: i) the system (7) in the absence of disturbances under control law u ¼ K x x is asymptotically stable; and ii) the disturbance estimate by DOB can track the disturbance asymptotically [25] .
Proof
Combining system (7) with the DOBRC law (17) and disturbance observers (10)-(13), the closed-loop system is obtained as þ 
Considering the condition e d ly ¼ 0 for all t ! 0 in (11), the closed-loop system in (18) reduces to
Conditions (1) and (2) imply that both A n þ B n K x and ÀL are Hurwitz matrices. To this end, it can be proved that
is also a Hurwitz matrix. Moreover, Assumption 2 implies that the inputs of the closed-loop system (19) d lx and _ d lx are bounded. This completes the proof that the outputs of the closed-loop system are bounded. h
Lemma 3
Suppose that both Assumptions 1 and 2 are satisfied. The state vector x converges to a constant vector
if the feedback control gain K x and the observer gain matrix L are selected such that: i) the system (7) in the absence of disturbances under control law u ¼ K x x is asymptotically stable; and ii) the disturbance estimate by DOB can track the disturbance asymptotically [25] .
Proof
Define the state error as
Combining (19) and (20), the closed-loop system is given by
Similar to the proof of Lemma 2, it can be proved that the system matrix of (21) is Hurwitz. Assumption 1 implies that lim
To this end, the closed-loop system governed by (21) is asymptotically stable. This implies that lim t !1 e x ðt Þ ¼ 0. This completes the proof. h
Design of the disturbance compensation gain
The main contribution of this study is investigating how to design the disturbance compensation gain K d such that the effects caused by the 'mismatched' disturbances can be attenuated from the output channels asymptotically.
Theorem 1
Suppose that disturbances in system (7) satisfy Assumptions 1 and 2, and the feedback control gain K x and the observer gain matrix L are selected such that A n þ B n K x and ÀL are Hurwitz matrices. The disturbances applied on the system (7) can be asymptotically attenuated from the output channel by the newly designed DOBRC law (17) if the disturbance compensation gains in K d are selected as
Proof By substituting the control law (17) into system (7), the state is expressed as
Combining (7), (22) , (23) , with (24) gives
According to Lemma 3, it can be concluded that
It can be deduced from (11) , (25) , and (26) that
h Remark 3
Note that the disturbance compensation gain K d in (22) and (23) is a general case and suitable for both 'matched' and 'mismatched' disturbances. In 'matched' case, i.e. B n ¼ B ld and D n ¼ D ld ¼ 0, it can be obtained from (22) and (23) that the disturbance compensation gain is reduced to K dx ¼ ÀI and K dy ¼ O which is the particular form in the previous literature [14, 15] . In our study, the observer gain matrix in DOB (12) 
The disturbance compensation gains can also be calculated by equations (22) and (23), given as K dx ¼ 0:0055 0:1883 0:0033 0:1252 À0:0004 À0:0407 0:0065 0:0364 ð29Þ K dy ¼ À1:232 0:1475 À0:0964 À0:1695 ð30Þ
The control structure of the proposed DOBRC for the BTT missile system is shown in Fig. 1 .
SIMULATION STUDIES
In this section, both external disturbances and model uncertainties are considered to show the effectiveness of the proposed DOBRC methods. In the simulation, it is supposed that the missile travels with a velocity of v t ¼ 1000 m/s and a roll rate of ! x ¼ 400 /s. To demonstrate the efficiency of the proposed method in improving external disturbance rejection performance and robustness against model uncertainties, the baseline LQR is employed for the purpose of comparison.
External disturbance rejection performance
Suppose that step external disturbances are imposed on each equation in (1), actually,
The output responses and input profiles of the pitch/yaw channels under the proposed DOBRC method are shown in Figs 2 and 3 , respectively. The corresponding responses of the states are shown in Fig. 4 . As shown in Figs 2 to 4, in the first 2 s, the control performance under the proposed method recovered to that under the baseline LQR since there are no disturbances during this time period. It can be observed Fig. 1 Block diagram of the proposed DOBRC method for the BTT missile system from Figs 2 to 4 that, when the disturbances appear, the feedforward part of the proposed method which serving as a 'patch' to the baseline controller becomes active in rejecting the disturbances, while the baseline LQR controller fails to effectively counteract the disturbances. This implies that the nominal performance of the proposed method is preserved in the absence of the external disturbances. In the presence of the 'mismatched' external disturbances, an excellent disturbance rejection as indicated by a short settling time and offsetfree in steady state exhibits by the proposed DOBRC approach. Therefore, a good disturbance rejection ability is achieved without sacrificing the nominal performance, which is one of the major advantages of the proposed method. Furthermore, Fig. 3 shows that the actuator deflection angles are within the allowable regions and no excessive control energy is required.
Robustness against model uncertainties
As listed in Table 1 , the aerodynamic parameters are time-varying during the missile flies. To represent the continuous changes of the real missile dynamics during its flight, a linear transition of the parameters from one operating point to another happens [26] . For instance, aerodynamic parameters a i (t), i ¼ 1, 2, . . . , 5, are expressed as proposed DOBRC cope with this quite well. Due to the coupling between the pitch and yaw channels, a quite significant normal acceleration is generated but the LQR and DOBRC regulate the normal acceleration to zero as required quite quickly. As the missile undergoes continuous change of its dynamics, gradually a large error has been built up in LQR design, which indicates that the LQR has a good robustness when the model error is within a certain range but poor performance even instability may be experienced in the presence of a quite substantial uncertainty. In contrast, the DOBRC approach exhibits an excellent robustness performance. It can be observed from Fig. 5 that the output responses can precisely track the reference commands during the whole missile flight regardless of the substantial changes of its parameters. To achieve this, as shown in Fig. 6 , the pitch control z continuously varies to compensate the influence of the parameter variations. Figure 7 shows that the yaw rate ! y experiences a large change during the flight, which may be caused by severe aerodynamic parameter perturbations. It shall be highlighted that the sideslip angle and the actuator deflections are well within the specified ranges. Therefore, it is concluded from this simulation exercise that the baseline LQR exhibits unsatisfactory control performance in this case, while the proposed method achieves surprisingly promising robustness against model uncertainties caused by substantial parameter variations. The proposed DOBRC method provides a promising way to improve the robustness of the baseline controller without resorting to a high gain design as in many robust control methods.
CONCLUSION
Using a newly proposed DOBRC method, the disturbance attenuation problem of a BTT missile has been investigated in this article. The 'disturbance' under consideration is a general concept which may include both external disturbances and internal disturbances caused by parameter variations. In this setting, the disturbance generally does not satisfy the 'matching' condition, i.e. the disturbances enter the system with different channels from the control inputs. A new DOBRC method has been proposed for the BTT missile to improve its disturbance attenuation and, in particular, the robustness against the substantial variations of the parameters during the flight. It should be pointed out that the proposed method is very easy for practical implementation since only linear analysis and synthesis approaches are employed. The simulation results have demonstrated that very promising disturbance attenuation and strong robustness have been achieved by the proposed disturbance observer-based approach. The results in this article show that the DOBC technique provides a very promising, practical solution for challenging control problems with large uncertainties and significant external disturbance. Its concept is quite intuitive and practical without resorting to high gain, non-linear control theory, or other complicated mathematical tools.
